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Adding an Infinite Product to a Semigroup
R.R. Redziejowski (Liding)

A semigroup (S,-) is extended with an w-argument operation IT: SN 5 Q where Qisa
certain set, possibly disjoint with S. The operation IT is required to satisfy three
axioms, expressing generalized associativity compatible with the semigroup operation.

It follows from the axioms and the Ramsey lemma that for a finite S, TT can have only
a finite number of distinct values, all reducible to the form se® where s,ec S and e2=e.

Homomorphism and a unique free algebra are defined for the class of semigroups
extended with the operation Il. The purpose of the construction is to express
recognizability of w-languages in a way analogous to that of finite-word languages
(directly in terms of a homomorphism into a finite algebraic structure).
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Problem: How lo define 97
Words in A% are tnlonile bed.uclls of leHers.

These Pfodlud-s musd be wurrored v M.
Wl«\a(- ' S ‘fbe

product of a sequence ol eleweds

eL M °

Ex. M={[0,6}l -) What ¢S b.a.q.qa..... 7
q‘tai'bb' D Q (has almost on/? Q)
bl b

O b (any cuckal Lncte
proolucl qives b )



Given Semigroup (S, -)
Add v -product (@, T)
where :

- @ s any set

- TJ7: Seq(S) > Q Q anc}s‘om onto



Exanzlzg[e 1

S = (A"'/ ) ﬁor Some a/lahobef'A
Q _ Aw |

-Tr- (‘Wl) WQ) W3 caa e ) = W,y W, w‘s.. “s (wwca/eMaA'aq)

(w, € A*).

Examp/e 2
s = (A% )
Q = A UA¥2  wohere Z¢A

IL Wy, We, Wy, ... = Wy wWa i w,,4,4,4...
for fowme « , +hewn

TT(we,wa, Wy, ... )= Wawe...w,Z

Odherwse

TG, wa s 0 ) = wawaws .

Exam_plc 3

Same ai Example 2, buk

77-(‘\’4,”;)“')“1”) ’{, 4)- 4)... ) = w‘wt -.Wy‘

(@ = A® v AT)



Example 4

S = (QX, v) fLor iome space X

Q= 2%
W—(X‘z’(t,xg)... )= U Xt‘
) ceN
(where X: €x).
Exam/o/c 5

S = ({0,6},-> where « /'S ‘ab
Q

Q = {Q,b?p be

Fovr « € Seq(s):

T(x) = {Q h x<caaa,..

b otherwise

Exam!o/eé
S= ({01}, v)
Q={A‘/B}
For o(eSeq(S).'
Tey = J A #Fx=000, ...

B othercs'se




Exawmple 7

S = (P.,.)f') R, - real numbert 20
@R-=- B, u{*“"}
For r = 2,73, -« (reeRy) :

Tr) = {Zn /,f r converges

&0  othertoSe

Exanmple 8

Same as Ex 7 , bub B inslead o[ B,

Exa mp/e 4

S ({01} v)

- (o1}
For xeSeqCS):
Tf(x):{1 i f x=00,0,..,

O odhercorse

Example /O

s=(o1},v)

Qz'{A,B}

foc x € 369(3)

T(x) = A IFf X whlains none or inl. Qg 1%
B otherw ise




o Nhal 1< wrong wai ¢ Exaw\Ple {0 7
# (0,00, . )=A=T(C11,1, .. )
7,—(,/0/0/0/' ) B # 77_(/)4) 411 )

—> We want T (x)=T(y) = T(s,x)=7T(sy)

® What s voﬁom? voi u Example q ?
n(t00,0, ...)=0

e
{v (o000 ...) = 1vi1 =1 #£0

—> We want T(x)eS = s.TM(x) = T(s,x)

e Whodk s wronq wira Exampk 87?

T(-1,+1,-1,+1,... )=
T((-1+1), C-1+1), .Y =T(0,90,.)= O£

¢ . . &
—> Ne want ”L'n;.'nﬂe a.&‘SooQ/swk,



Defowihou

let x e Se_q($3
h € Seq (N) be s+rc‘c4-&1 ncreq sing

X (n (x reduced bu] n) s a {equeyce c(e-Seq(S)
OlQQ\VUE’O( bo’
{)(doxt'-".x"a MC-;(

xh‘:_:l-( ° xnc:‘eg' .. ® X"C fovr £>4
EXOMP‘/CS
eb
S=4da,b ala
0,07 bleb

(a/b/alblalb“‘i )I(3"/q) ): Q'b'Q, b‘Q‘b) .

(a babab,. . Y2356, .)=ab,a bsa,b,..

x‘n (s a reduchou ofx

X S auw expansien of x|n




(A1) T)=T(y) = Tls,x) =T(s.q)
Foe x,4 ¢ Seg(S) seS

(A2) TT(x)esS = S-T(x) = T(sx)

FoR x & S‘e:?(s) ,se S

(43) TT 18 INFINITELY ASSOCIATIVE

(A3) T(x) = T(xln)
FOR xeSec?CK)

n €Seq(N)

N  STRICTLY ASCENDING

Debwhse -

Exdended seucigrovpe (5,Q,+,T)

- (3,*) /s a ‘euwg

- (Q, W) /s an w- product over (S,+) sakshying (4)-(A3)



IfF (A1) holds,
for eacls se€ S e exi'sks aw.‘qwe
Seq = T(s,x) where M(x)=9 .

Write c'm.forma//c{ T(x,,x?/xs....) Ql X, X,e X3, ..

(A1) Pernciks #o.'m?J Lilee Heys

X,'YZ"( L. . = X4Q(x,_. (xs'xl..'...)s

(A2) permubs Heings Like Muis:

Xyp¢ XgeXq .. | = (X4‘x2)'<’<3'xq‘... )

(A3) perm,.'l-s J‘e{/;h?.f Dilee o0y :

(’(4’ "z-)’o‘;‘ X‘>',” .

X
0



De Lwikeo
Led X, Y c S’eq(S)

X &y (xand y are sswalar)

means: X <cawn bc h‘amsférwed Lm‘—o% bg
a sequence ol reduchous
and /e exPOMS‘c'OMS.

Pro‘Perkls

e o~ IS ahn equ)valeuce

e Xevy =P S,X o~ S,y L»qm,‘ seS

e 1L ¢:S>sS’' sa homomorplesus
theuw xXvy = P Py

¢ (From Ramsay )
If S s Knite +hew Jor evey xeSeq(S)
exisée reduckhou x|n = s,eee,...
where e 8 an Cdem‘ool-ew‘- ol S

e Il S is Hwike e He vumber of
equivaleuce classes o ~ ig fnile

Consequences

e (A3) :'S.eqodvaw lo XevyY =>T(e) -.-.Tl’(&,)
e In qui exd-euckd &qu‘&f-‘ (S,Q,';Tr)/
£ S o hwile, so s Q.



De bvsboen

lef (S/ K, ./—T) / (SfQ,, 0/77,)
be extendled Seuriqroups.

P:(5vQ) —=> (S©Q)

(s o homoworplism L :

—-@(s) s’

- () €@’

- Pls§3) = PG, o P(52) Frc 3,5, € S
- @(T(x)) =T (Y6)) foc x & Seg (S)



Deﬁ.‘w")-‘@c.
An w—ﬁvocduc} (@, T) over a .9eow.‘qrou1o (s, )
iS £I"€€. L

- SnQ = ¢

- Xy &> TED) = T(y) focall x,y e Seq(S)

Propertet

* A Free co-pvoduck saksfies (AI- AR)

e A [ee w- pvoduet over a Feu (S,e)
'S urnique (up o GSQWOrPMsm)

xtendeq
° let (S,Q,-T) ée an\]:etw»‘;rexﬁo suck Hra~

(@, 7)) /s Lree.

Let (SI,Q',O,TT'> be any exjended Seu'qroup.
Theu, each homoworplismy @:s »s’

has o aw:‘c‘;u,e exleusion, fo homomor/olu‘m;,
(SvR) =(s'uqh,



Should be easy Jo frove
Somef{u'l«? Lol

L €A% s /’eooﬁna'zaé/e

e
there exists nile extended Seur/growso
(S: &, ") T) auol a homowmorpkisn,
p . A > Su@
Such Had L s a union of classes
P-(s) for some seS.Q,



